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The present paper is concerned with one of the simplest problems of mixing, namely,
the mixing of a viscous incompressible fluid. The complete boundary value problem is
analyzed using the group-theoretic approach and it is shown, that various problems of
viscous mixing (discharge of fluid, flow within a wake etc, ) are obtained as particular
cases corresponding to some definite values of the constant m:appearing in the solution
of the boundary value problem, where the solution is invariant under the admissible
group of transformations

Problems of mixing of viscous fluids are widely studied (see e.g. [1 — 4]). The fol-
lowing characteristic feature of the physical statement of the problem emerges from
these studies: it is the assumption of existence of a "narrow” zone of mixing extending
along the stream, within which some of the flow parameters (longitudinal velocity, tem-
perature, concentration, etc, ) vary sharply in the transverse direction, while other (e, g,
pressure) change significantly only in the direction of flow, Such zones of mixing appear
in the presence of a sharp change in the values of one or several flow parameters and
represent the region of diffusion of this change, This region increases according to some
law in the direction of the longitudinal velocity and the flow in such narrow zones can
be described by the boundary layer equations,

1, Statement of the problem, We shall consider the upper half of the plane
flow with mixing of a viscous incompressible fluid, symmetric with respect to the hori-
zontal axis of the flow and described by the following boundary layer equations

du ou du | v 1A
Uoe TV = Vope 3z Tam= (1.1)
where u (z,y) and v (T, y) are,respectively, the horizontal and vertical velocity, v is
the kinematic viscosity coefficient, while x and y are the Cartesian coordinates, The
velocities u and. v should satisfy the following boundary conditions

lim [u (x, y) /uo(y)] =1 when z=const, y — oo (1.2)
lim [u (z, ¥) /uo(y)] =1 when z— 0, y= const (1.3)
(0u/dy)y=0 =0, (V)y—0 =0 (1.4)

where u, (y) denotes the horizontal velocity profile in the cross section z == (:Without
making any definite assumptions about ug (y), we shall require the solution of the prob-
lem (1,1) = (1, 4) to be self-similar,
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2, Group-theoretic analysis of the equations and reduction of
the boundary value problem to the Cauchy's problem for the
ordinary equation, First we shall find the self-similar solution of (1, 1) satisfying
(1.4). After that we shall show, which functions %, (y) correspond to one or the other
self-similar solution, exhausting all the possible functions 1y (y)which can appear in the
statement of the problem of viscous mixing in the case when the axis.y = ('is the sym-
metry axis and the fluid is incompressible,

We know [5] that the self-similar solution is invariant with respect to any similarity
group transformations (in this case it will be a one-parameter group) admitted by the
system (1, 1), Paper [6] shows that the system (1, 1) admits two one-parameter similarity
groups whose arbitrary superposition has the form

u, =C*®Bu, vy, =C%, z, =C%, y, =C% (2.1)
where @ and f are arbitrary constants (—oo << @, B < 00). Any self-similar solution

of (1,1) is invariant with respect to a group of the form (2.1) with some fixed values of

a.and P, and has the form
m 1 1

u=¢ ANzrm™ , p= PY(A)z ™3, A=yzx ™ (m=%—'2) (2.2)
where the prime denotes a derivative with respect to the self-similar variable A. Inte-
grating the equations of continuity we obtain the following relation between P (A) and

A , m
*M ‘P(’“)=mlz’“‘?’*m—i;q’ (2.3)

Solution corresponding to the case when o = Q in (2, 1) is not included in the relation
(2,2). It was obtained in [6] and we shall not consider it here since it is uninteresting,
Inserting (2,2) into (1, 1) we obtain the following ordinary differential equation in

9 ()

vw”'+21;w”~—,ﬁ"’gw”=0 (v>0, m>—2) (2.9
with the boundary conditions
¢ (0) =0, 9" (0) =0 (2.5)
obtained from (1,4) and (2, 2), and with
YO=7r @>o0 (2.6)

taken as the third condition,

Each solution of the problem (2,4) — (2, 6) with some fixed values of v,y and m
generates, by (2,2), a solution .u (z, ¥), v(z, y) of the system (1,1) satisfying the condi-
tions (1,4), We can easily see fruin (1,2), (1.3) and (2,2) that the character of the flow
in the physical plane is governed by the asymptotic behavior of the solution ¢ (A) of the
problem (2,4) — (2,6) as A — oo. Indeed, when we know the asymptotic behavior of
the solution ¢ (A) as A — oo, we can always find such a function Uy (y¥) for which the
relations (1.2) and (1, 3) hold, i, e, we can define the problem of mixing completely,

It can easily be shown that the parameters v. and y appearing in the formulation of
the problem (2,4) — (2.6) will not be essential,

Indeed, introducing the function @, (A) =+v~1 ¢ (A) we can eliminate v from (2,4),
and subsequent substitution

P2 (M) = (—1‘)-"' ?1(A), M= (—I—).l. A (2.7)

will reduce the problem for @2(4,;) to
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e : 1 » 1 L4 !
Ot e — 20 =0, @) =9"(0)=0, ¢'(0)=1(28)

m

Thus the solution of (2,4) — (2,6) and its asymptotic behavior can easily be obtained
from the solution of the asymptotic behavior of the solution of (2, 8), using the relations

e =mmty),  A=(3)"h (2.9)

When considering the problems of mixing, we usually introduce two integral charac-
teristics : the impulse J, and the flux Jy which can be written in the plane case and with
the symmetry taken into account, as

y m

I =2 wdy = 2™ viuyn g2 (A dhy (2.10)
"y w3

1 =2 udy = 22™% (v1)* @4 () (2.11)

0

Relations (2,10) and (2, 11) show that both, J, and /; ., remain, for some value of m,
constant along the x -axis,

3, Analysis of some real flows, From(2,2) we see that the case m> 0
corresponds to the problems dealing with mixing of two streams (or the flow in the wake
behind a body) and that the velocity u (z, y) along the axis of symmetry of flow increa-
ses, while the case 0 > m > — 2 corresponds to the problems of mixing during the efflux
of fluid when the velocity along the axis of symmetry decreases,

The solution of (2, 8) lends itself to the analytic treatment at four values of m, namely

m=0,m=.—0.5,m= — 1, m = 1, Let us consider the case m = — 0.5.
a) The case m = — 0.5 has been studied exhaustively (see e, g. [7]). It corre-
sponds to the case of a submerged stream, The problem (2, 8) becomes, in this case.
@+ s + Y92 =0, @0 =" (0)=0, @’ (0=t (3.1)

which can be easily integrated, Arbitrary constants are determined from the initial con-
ditions, and the resulting solution has the form

M
= V 6th —=
Solution @y (A;) and its derivative @y’ (A;) behave as follows:
- 2 -1
@ (M) —» Vli. P (M)=2 [i +ch (—fiﬁ_ ll)] ~ 0 when Ay-» co (3.3)

From (2,2), (2. 9) and (3. 3) we find, that

\ when z=const, y— oo
u(z, y)==" /'rtpz' (A1) — {O when z- 0, y = const (3.4)
oo when z— 0, y=20

and in accordance with (1,2) and (1, 3) we obtain
up (y) = 0 whenyy = 0, ug (y) = oo wheny =0 (3.5)

It can easily be confirmed that the condition of the conservation of impulse along the
z ~axis characteristic for the submerged stream holds also in this case
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(-]

Io=2v'l"s S @22 (M) dh1 = 2v'/2y"2i = const (3.6

From (3. 6) we see that if 7, isogiven and the integral ;, is bounded, then the constant
¥ can easily be obtained since ;, can be found from the known solution @, (M), while
v is a known material parameter of the fluid, Thus in the present case y is completely
defined by the impulse imparted to the fluid particles at the point z = 0, y = 0 during
the unit time,

b) Let us consider the case m = 1. The problem (2, 8) is now equivalent to
Ve =0, RO =¢"0=0 @& O=1 ¢ O=Y @7
Although (3, 7) cannot be solved by analytical methods, numerical integration can
always be employed,
We can, however, use the method given by Weyll in [8] to obtain the asymptotic beha-
vior of the solution ¢, (A,) , and consequently, to find the form of us ().

From (3,7) we have .

A 1 ¢
g0 =00 =exp(— ) exp[— g7 [ a—wre@az], son=sem00 @8
0

This integral equation can be solved by the method of successive approximations
according to the scheme

M) =1, g ()= (g),-- gir (M) = O (8

We shall prove that the sequence {g;} converges and find lim g; (A;) as i — oo.
Obviously, if ¢ (§8) >k (§) (0 < § < + o0), then @ (g) <P (1) (0 < & < +o0) and

g (M) 2> &1 (), g M) > g (M)
From this it follows that
OB OSEBSEHES., &i2gga (Lk=01,2,.) (3.9
Let 0<h(E)<q@® <t (0<E<+ o) and let us put

sup [g (&) — h ()] = 4 &>

Then

— A2
O (1) — @ (g) = exp =% exp | 27§<x1—a)3h<a)da)

X [1—exp(~ HS(M—& Ple@—r@1d)| <

— D12 r 7\,4 —A,lz A)\q A
Sexp =5 [t —exp(— i) | coxp TRl 2 A (3-10)

Relations (3, 9) and (3.10) infer that the sequence {g} (i = 0, 1, 2,...) converges
uniformly on [0, 4- o0} , Obviously

Q' My =glimg(A) (i>o00), Varn(M<SPH"M)SYsgs(M) (AM>0)  (3.11)
| Ax
El ("Tl 105) <7 ) <

1 M2 1 1 .
<-z-exp (—- —31—) exp [—WS(M-—E)'exp(——g—— 1%_8) dE] (3.12)
From (3, 12) it follows that at large A, ©
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" (Ar) = o (™M) (3.13)
Thus when A, — oo, we have
@" (M) =a+o(e™) (3.14)
@2 (M) = ahy + b+ 0 (™M) (3.15)
@z (M) == Yaaly? + by + d 4 0 (e (3.16)

where @, b and d are some positive constants whose values can be obtained by numeri-
cal methods,
From (2.2), (2.9) and (3, 15) it follows, that for large ¥ and z > 0

) 1 3, 1 2
u(z, y) =2y — v'iyMay + ybz'h 4 o (exp [— -%- %;] ) (3.147)

which, together with the symmetry of the flow implies, that %o (y) will have the form
Up (y) = VP y¥* aly| (3.18)
Hence the value of ¥ can easily be found, provided that the derivative duq(y)/ dy;

i, e, the slope of the velocity profile at the cross section z = 0, is given,
c) The case m = 0 is trivial, Indeed in this case (2, 8) becomes
92"’ + Ys@u@s’ = 0 (3.19)
and @3 = Ayis the solution satisfying the initial conditions, The velocities will be
u(z, y) = v’ (M)= yrconst,andv (z, ¥)=0, i, e, we shall have a plane parallel flow,
d) When m = — 1, we can use the function w = @,’ (A) to write the problem

(2. 11) in the form w” +w2=0, w(o)____i' w (0)20 (3.20)

which on integration yields w
m=—f o

1= (3.21)
J VH{l—8)

The latter formula shows that there exists A% for which w = 0.From (2. 3) we find
that ¢ (A,°) = 0.Thus. u and v become zero when A,= A%, i. e, the no-slip condition
is fulfilled, The straight line A; = A becomes, in the physical plane,

y= (VA = (3.22)

This means that the case m =-1 corresponds to viscous flow in a wedge between two
planes, Quantity ¥ can,in this case, be found from the angle between the two planes,
The solution can also be obtained directly from the Hammel solution [9] by neglecting
the terms which are small at high Reynold's numbers,

4. Numerical results, The problem (2,11) can be solved numerically for any
values of the parameter m, Fig, 1shows the behavior of ¢," (A,)for various values of m.

Considering the behavior of ¢’ (o)) for m = — 0.25 and m = — 0.375 we find, that
at large A, the function can be written as
@' (M) = Cy (m) 1™ (4.1)
Function u, (y) will then become
up (¥) =€y (m) |y ™ (4.2)

When 0 > m > — 0.5, the resulting flow in the physical plane appears to be diffuse,
Asymptotic behavior of the velocity of this flow depends on the parameter m. The coef-
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ficient C1(m) decreases together with m , e, g,

2 Cy(—0.25)= 0.81; €, (—0.375) = 0.391

‘f,' / It appears that when m= —0.5 the coefficient €,
’”'// 24 becomes zero and the subsequent term of the asymp-
totic representation becomes the principal one (see

(3.2)).

! When 4> m > 0, we see from the example for

m == 0.5 that the asymptotic behavior of ¢,’ (A,)can

N also be described by (4, 1), when A; - oo, while the
\\\\ =457 function u, (y) is given by (4.2), In the physical
0%

i A4  plane this case corresponds to the mixing of two
§ /9| streams with parabolic profiles, Fig,1 shows that at
\_ 6 the values of m within the range — 0.5 >m > — 1

\ the function ¢,’ (A;) = — oo for A; — A, where A,,
iy \

denotes some bounded limit value of A,. This makes
the investigation of the asymptotic behavior of these
functions as A; — oo, impossible,

Fig, 1 The cases with these values of m will correspond
to flows in channels with curved walls

y=(v/yL A0 Y (4.3)
Horizontal velocity at the walls will be equal to zero, while the vertical velocity will
have some negative value corresponding to the influx through the walls,

5, Mixing in the presence of a pressure gradfent, Let us consider a
flow with mixing, in which the pressure is some function of z.
In this case the first equation of (1, 1) will become
az—g+vz—:=v§;——% (5.1)
where p ==p () is the pressure referred to the density of the fluid, Self-similarity of
the problem requires that the pressure is of the form

P = /s Kox¥m/ (M42) (5.2)
where Yo is a new pressure parameter, The equation of motion will now be
m-41 m ,
VOt P ez (07 %) =0 (5.3)
and on changing to the functiot {2 (Al) it will become
III m + 1 [ .

with the previous boundary conditions retained (see (2. 8)).

Solution of this problem depends on the values of its two parameters, m and Yo/y2 .

Let us analyze the flows with the pressure gradient, for the specific values of m discus-
sed in Section 3,

When m = —0.5,Eq, (5,4) can no longer be integrated to yield the exact solution,
nor can its asymptotic behavior be obtained at'A;, — co, However a numerical solution
is feasible, Fig,2 shows the result of computing @,’ (A,) for various values of the ratio
X0 / ¥ within the range 0 > %o/ ¥* > — 1. We see from this figure that ¢, (A,) — const
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when A, — oco. When %o/ y* =0, we obtain a well known exact solution, We also obtain
the exact solution @z (A) = A, for all m ,when X/ V3 = — 1.

When m = 1 ,Eq, (5.4) is easily reduced to (3 7). The only change occurs in the value
of @,""" (0) , which will now be ¢,’"" (0) = e/ 3, where e =1 4 Yo / ¥2. Assuming that
& > 0 and proceeding as in Section 3, we can obtain the asymptotic behavior of the solu-
tion @, (&) in the presence of a pressure gradient, Integral equation analogous to (3, 8)
will now be ,

3 Ay
eta=exp( =) exe [~ 57 [s@m—vrae] (s00=-L0r0n) 69
0

and the estimate (3, 10) will become ed
O —@(g) < 3¢l (5.6)

Relations (3,14) -~ (3,18) will remain the same, but the constants a and & will under-
go a significant change and will now depend on %o/ ¥%

1 - P
=79 1o 1%
N~ L ) 7
\— ";__ 2
25—\ i = R
TN 2 et |
\ ,'0 A{ M
] 5 ] ] ¢ ? 7] [
Fig, 2 Fig, 3

Fig. 3 shows how the profile ,’ (A,) varies with varying %/ ¥2.

This corresponds to the physical flow pattern already discussed for p = const, We see
from Fig, 3 that for the values of Xo/ ¥® varying with the range 0 > o/ y* > — 1, in-
crease in the absolute value of the pressure leads to the straightening of the velocity pro-
file, This follows from the fact that the pressure gradient is opposite to the velocity
direction!

The case m = 0 is identical with that of Section 3,

When m = —1, we introduce the function w = ¢’ to obtain the problem

Wt et /=0, w@O=1 W (@0)=0 5.7)
whose solution reduces to an elliptic integral

1
Ve dg 1 1 s
T Vi-0E—t G-t (=TT Tty 58)
As before, we can find such }‘10, for which w = 0.However, A,® in this case will exist
only for these values of Xo/¥* for which the inequality
s —8)+ (1 —8) %/v*>0(5.9)
holds for all § within the interval [0, 1), Hence Xo/ ¥* > — 1/;. In the physical plane
this case with 0 > X0/ ¥* > — 1/, will correspond to the flow in a rectilinear divergent
channel; A,° will now depend on the ratio Xo / ¥? and both, the angle of inclination of
the wall of the channel in the physical plane and the pressure p (zj,will have to be known
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in order to determine the horizontal velocity profile,
Integral (5, 8) can easily be reduced to the

10

4=, standard form (see [10]).
If 0> %o/ ¥ > — 4 then (5.10)
K \\ [% / / .)/ = (W) F 2arcetig VI =) 13,
—a/ A\ / Vl/, T (= VIAF %/
, —u/ \KA, If —Ye>%/¥*>—1, then
A\ 7 N 6\ (5.41)
sl # \ 2| = (4—_5;) Fp, r), F(n,n),
— '/t 1 — '/l
Fig, 4 P == arcsin (-ii—:—;”—l) , r= (-{—_—2)
The latter requires the restriction 1 > w > §; > §,, from which we find that
129 M>—Y+ V=3+ %/ (5.12)

The behavior of @a’ (Ay), in the two cases mentioned above is shown in Fig,4, We find
that when — 1/, > %o/ ¥* > — 1, then @, (A,) is periodic, Minimum value of @' (A})
can be found from (5, 12),
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